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Abstract 

We continue the investigation of the central extended Yangian double [|kJ . In this paper we study the 
intertwining operators for certain infinite dimensional representations of DY(sl2), which are deformed 
analogs of the highest weight representations of the affine algebra sb at level 1. We give bosonized 
expressions for intertwining operators, verify that they generate an algebra isomorphic to Zamolodchikov- 
Faddeev algebra for the S!7(2)-invariant Thirring model. We compose from them L-operators by Miki's 
prescription and verify that they coincide with L-operators constructed from universal 7?.-matrix. 
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1 Introduction 



The Yangian Y(g) was introduced by V.G. Drinfcld [Dl|. As a Hopf algebra it is a deformation of the universal 
enveloping algebra U(g[u]) of g- valued polynomial currents where g is a simple Lie algebra. Recently, it was 
understood that in physical applications one needs the double of the Yangian [S2|. In [KT] the double of 
the Yangian was described quite explicitely in terms of Drinfeld's construction of a quantum double [D3]. 
After adding to the Yangian a derivation operator, the same quantum double construction produces a central 
extension of the Yangian double Q. The latter algebra has a richer representation theory than just the 
Yangian double has. For example, infinite dimensional representations which are deformed analogs of the 
highest weight representations of the affine algebra can be constructed. This type of representations appears 
to be very important in understanding the structure of conformal field theories associated with affine Lie 
algebras and the structure of the quantu m integra ble models associated with deformation of the universal 
enveloping affine algebras. In the paper | DFJMN | and then in the book JM the representation theory of 
the infinite dimensional representations of U q {5\.2) has been used in order to solve completely the quantum 
spin 1/2 lattice XXZ model. A complete solution of the quantum model means the possibility to write down 
explicitly an analytical integral representation for arbitrary form-factor of any local operator in the model. 

Some years before an approach to relativistic integrable massive field theories have been developed in 
the works by F.A. Smirnov Sl|. This approach did not use representation theory of the hidden non-abelian 
symmetry of the model which ensures its integrability, but the ideas of phenomenological bootstrap. For 
some quantum integrable models such as Sin-Gordon, SU(2)-invariant Thirring, etc. models the bootstrap 
program have led to a complete solution. Understanding the fact that the dynamical non-abelian symmetry 
algebra for SU(2)-invariant Thirring model is the Yangian double (see |{5^| and reference therein) opens a 
possibility to describe the structure of the model (local operators, Zamolodchikov-Faddeev operators which 
creates particles, etc.) in terms of the representation theory of the Yangian double. It appears that it should 
be central extended Yangian double. 

On the other hand, a free field approach to massive integrable field theories has been developed in |y. 
The starting point there has been the Zamolodchikov-Faddeev (ZF) algebra |ZZ| HJ for the operators which 
create and annihilate particles in the model and describe the local operators. The author of this paper was 
able to construct a free field representation for ZF operators using an ultraviolet regularization of the Fock 
modules. Our approach shows that there exists possibility to construct a free field representation of the ZF 
operators in massive integrable field theories where only a minor regularization in the definition of these 
operators will be necessary (see ( |4.6| )-(4.11)). 

The paper is organized as follows. After the definition of DY(sl2) in section 2, an infinite dimensional 
representations of this algebra are constructed in terms of free field in section 3. The next two sections 
are devoted to the free field representation of the intertwining operators and to their commutation and 
normalization relations. In section 6 an universal 7?.-matrix description of the central extended Yangian 

l RLL 



double and Ding-Frenkel isomorphism [DF| between the "new" [ D2 and "i?LL" formulations [FRT, |RS| 
of DY(s I2) is given KT, [kJ. In the last section we consider a free field construction of the L-operators 
corresponding to the central extension of the Yangian double at level 1 (Miki's formulas Q) and verify that 
they coincide with L-operators constructed from universal 7?.-matrix. Some explicit calculations are gathered 
in Appendix. 



2 Central Extension of DF(s[ 2 ) 

The Yangian Y(s^) is a Hopf algebra generated by the elements e k , fk, hk, k > 0, subject to the relations 



[hk,hi] = 


, [efc, jfi] = h k +i , 


[ho,ei] = 


2e ; , [h ,fi]=-2fi, 


[hk+x,ei\ 


- [h k ,e l+ i] = h{h k ,ei} , 


[hk+ufi] 


- [hkji+i] = -H{h k ,fi} 


[efc+i,e/] 


- [e k ,ei + i] = h{e k ,ei} , 
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[fk+iji] - [fkJl+i] = -HfkJi}, (2.1) 

where h is a deformation parameter and {a, b} = ab + ba. The coalgebra structure is uniquely defined by the 
relations 

A(eo) = e 1 + 1 e , A(/i ) = /i 1 + 1 /»o , A(/ ) = / o 1 + 1 /o , 
A(e x ) = ex 1 + 1 ei + fi.ft e n , A(/i) = / x 1 + 1 / x + %f ft , 
A(/ii) = ft-i ® 1 + 1 fti + hh <E> h - 2/ e . 



In the form (2.1) the Yangian Y(sl2) appeared in [D2| in so called "new" realization which is a deformed 



analog of the loop realization of the affine algebras. In this paper we study representations and intertwining 
operators for the central extension DY (s[ 2 ) of the quantum double of Y (s^)- The Hopf algebra DY (s[ 2 ) was 
introduced in . It can be described as a formal completion of algebra with generators d, central element 
c and efe, /fc, /ife, k € Z, gathered into generating functions 

e ± (u) = ±J2ekU- k -\ f ± (u) = ±Y / fkU- k -\ h ± (u) = 1 ± h £ ^tr*" 1 , (2.2) 

fe>0 fc>0 fc>0 

fc<0 k<0 k<0 

e(u) = e+(u) - e-(u), f(u) = f+(u) - /"(u), 



with the relations 



[d, e(tt)] = A e ( tt ), [d, /(«)] = [d, fc±(u)] - ^(t*), 



e(tt)e(w) = efu)e(it) 

u — v — n 

/(«)/(«) = U ~ V ~l /(»)/(«) 

/^(uWu) = " - tJ + j efwj^fu) 
u — v — n 

h +(u)f(v) = u-v-n-T^ f{v)h+(u) 

u — v + n — nc 

h-(u)f(v) = U ~ V ~l f(v)h-(u) 
u — v + h 

+ u-v + h u-v-h-hc + 
h^iujh (v) = • — h (Vjhriu) 

w w u-v-h u-v + h-hc w w 

[e(u),/(u)] = l(6(u~(v + hc))h+(u)-6{u-v)h-(v)) (2.3) 



where 



ft 

£(tt — v) = u n v m , 6(u — v)g(u) = S(u — v)g(v) 



n+m= — 1 

This algebra admits a filtration 

. . . C C_„ C . . . C C-i C Co C Ci . . . C C„ . . . C C (2.4) 
defined by the conditions dcge fc = degfk = degh k — k; deg{x G C m } < m. Then DY(sl 2 ) is a formal 



completion of C with respect to filtration (2.4) 



The comultiplication in DY (5I2) is given by the relations 

00 

A(h £ {u)) = ^(-l) fc (fc + \)h 2k (f e {u + h- S £ .+h Cl )) k h £ (u) h e {u - <5 £ ,+?ici)(e e (w + h - S e , + h Cl )) k , 



k=Q 
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A(e £ ( M )) = e £ {u) ® 1 + ^(-l) fc ?i 2fe (/ £ (u + - 5 e ,+h Cl )) k h e (u) ® (e £ (w - (5 e , + ?ici)) fc+1 , 

oo 

A(/ £ (u)) = l®/ e ( M )+^(-l) fe ?i 2 ' £ (r( U + ^, + ? l c 2 )) fc+1 ®/ l e ( W )(e E ( W + ?i)) fc , (2.5) 



where e = ±, c>+.+ = 1, = and Ci, c 2 means c (8> 1, 1 (£) c respectively. 

The Hopf algebra DY(sl2) was derived in two steps. First, it was proved in KT] that the quantum 
double DY(s\.2) of the Yangian ^(sfe) can be described by formulas ( 2.3 )-( 2.5) with c = and d being 
dropped. The double Z?F(sl 2 ) containes Yangian Y(sl 2 ) and its dual with the opposite comultiplication as 
Hopf subalgebras. Subalgebra Y + = Y(s[%) C £>F(s[ 2 ) is generated by the components of e + (u), f + (u), 
h + (u) and its dual with the opposite comultiplication Y~ — (Y(st2))° is a formal completion (see (p^|)) of the 
subalgebra generated by the components of e~(u), f~(u), h~(u). The Hopf pairing <, >: Y + ® (Y~)° — > C 
has the following description. 

Let i? ± , H ± 1 F ± be subalgebras (or their completions in Y~ case) generated by the components of e ± (u), 
/i ± (u), / ± (u). Subalgebras E ± and F ± do not contain the unit. Then 

<e+h + f+J-h-e-> = <e+ f-><h + ,h~><f + , e~> (2.6) 

for any elements e ± £ E ± , G H ± , f ± e F^ 1 and 

<e+(u), /-(«)> = ^— - — r , </+(«), e~(«)> = t— ; ~ — r , 
n(u — v) n(u — v) 

<h + (u),h (v)>= -. 

u — v — n 

These properties defines the pairing uniquely. 

At the second step the Hopf algebra Y~ is extended to a semidirect Y~ = Y~ X C[[d]], where d is a 
derivation 

[d,e ± (u)]^^-e ± (u) , [d,h ± (u)] = ±h ± (u) , [d, = . (2.7) 

Y~ is again a Hopf algebra if we put 

A(d) = d®l + l(g>d. 

Finally, the central extension DY(sl2) is the quantum double of Y~. Central element c is dual to d: 
<c,d> — h. The relations ( [2.3] ) result from the general commutation relation in Drinfeld's construction of 



the quantum double ||D3| . Together with (2.5) they define the Hopf algebra Z?y(s[ 2 ) in the "new" realization. 
Concrete calculations are exhibited in 

Before passing to the next section where we will give a free field realization of the commutation relations 
(2.3) at the level c = 1 we would like to add two remarks. 

One can note first that flyfsb) is a deformation of the enveloping algebra U(sh[t, t^ 1 }] + Cc + C-^) 
(which differs from t/(sl 2 ) by grading element) in the direction of rational r-matrix r(u) = 9a ® 9 . The 
deformation of Cartan fields are generating functions k ± (u) = 4 In h (u) (see (3.7)). 

The second remark is about the non-symmetry of the relations fl2.3| ). One can easily note that the 
replacement 

h + (u) -> h + (it) = h + (u+ (b+ l/2)ch) , 
h~(u) —* h~ (u) = h~ (u + bch) , 

e(u) —> e(u) = e(u+ (b+ l/A)ch) , 

f(u) -> f(u)=f(u+(b-l/4)ch) , 
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where b is an arbitrary complex number, will move the commutation relations ( [2.3] ) into more symmetric 
form 

~, u — v + h + hc/2 u — v — % — He/2 r , . ~, . . 
h+(u)h (v) = ' f hr(v)h + (u), 

u — v — n — he/ 2 u — v + h — he/ 2 

h*(u)e(v) = e w )h ± (u) , 

u — v — Ti± nc/ 4 

e(u)f(v) - f(v)e(u) = \ {^{^~ v ~-^j ~ h+ {^--l 

S\u-v + ^jh-(v-^ 

For quantum affine algebras such a renormalization have been initiated by the condition of consistency with 
Cartan involution. There is no such motivation in our case so we do not use this replacement any more. 

3 Bosonization Formulas for Level 1 

Let 7i be the Heisenberg algebra generated by free bosons with zero modes a± n , n — 1,2,..., do, p with 
commutation relations 

[a n , a m ] = n8 n+m . , [p, a ] = 2 . 
Let Vi, i — 0, 1 be the formal power series extensions of the Fock spaces 

Vi = C[[a-i, o_ nj . • .]] ® (©„ eZ+2/2 Ce" a «) (3.1) 

with the action of bosons on these spaces 

a„ = the left multiplication by a n ® 1 for n < , 
= [onj ■ ] ® 1 for n > , 
e nia °(a_ jfc • • • a- h ® e" 2a °) = a_ jfe • • • a_ rfl ® e (Tll+ " 2)a ° , 
u p (a_ 3fc • • • o-j-! <8> e nao ) = u 2n a- ]k ■ ■ • a_ A ® e" a ° . 

The EndVi-valued generating functions (fields) |@ 



oo 



e(u) = exp + J e ao u p exp ^ u ~"J ' 

f(u) = exp ^-^^ [(u + ^) n + u"]^ e- ao M- p exp ^^^ U -"^J , 



h-( U ) = e W (j2^[(u-hr-(u+hr}) , 



\n=l 



h+(u) = exp ( f] ^ [(« - ^)-« - «-«] j " (3.2) 



satisfy commutation relations (2.3) with c = 1 
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In terms of generating functions 

a + (z) = ^^z-«-plog,, a_(z) = J2— zn + ^T - ( 3 ' 3 ) 

n>l n>l 

a(z) = a + {z) — a-{z), 4>±( z ) — expa±(z) , (3-4) 
[a+(2),a-(y)] = -log(z-y), \y\ < \z\ , (3.5) 
a free filed realization ( p^) looks as follows: 

e(u) = ^.(^^(tt) , /(«) = ^(u + , 

= <f> + (v,-h)4>^ 1 (v,) , hr{u) = <j>-{u-h)<j)Z l {u + h) , (3.6) 

e ld <t>±{u) = 0±(u + 7 )e 7d , e 7d (l <g> 1) = 1 <g> 1. 

One can note that in the classical limit [ft — > 0) the bosonization formulas goes to the Frenkel-Kac 
(homogeneous) realization of the affine algebra fife at level 1 [FK 



e(u) = exp ( jr ^u n ) e^exp ( - £ ° 



77 



/(«) = exp (- £ ^p« n J e- Qo u~Pexp f ^tj"" 



«(«) = k + (u)-k (u) = ^2a_„M ,l_1 +^]o„!i " ^pu -1 . (3.7) 

n— 1 n— 1 

Let us discuss now the structure of the representation spaces Vy, i = 0, 1. In the case of affine algebra 5(2 
or quantum (trigonometric) deformation of the affine algebra U q (s\.2) there is a finite number of Chevalley 
generators which generate all the infinite dimensional algebra by means of the multiple commutators. It 
appears also that Chevalley generators coincide with certain components of the currents that form the 
loop (the new) realization of affine (quantum affine) algebra. This gives a combinatorial description of the 
representations Vi, i = 0, 1 with highest weight vectors uo = 1 <S> 1, Ui = 1 <S> e a °/ 2 in terms of successive 
finite-dimensional modules of the two embedded copies of U q {sh)- 

In the case of DY^sfe) the second copy of 5I2 is missing, and, on the other hand, the action of the 
components of the currents ek or fk onto any element of the representation spaces Vi produces infinite sum 
of the elements of the same sort. For example, 



e_il ® 1 = exp 



00 tr) 



It means that in case of the central extension of the Yangian double we have no analogous combinatorial 
description of the representation spaces Vq and V\ . Nevertheless these spaces are properly defined together 
with an action of DY(sl2) on them. 

One can show that there exists an outer automorphism v of DY (sb) such that V, is isomorphic to Vi_ it 
£ = 0,1. 

To construct intertwining operators we need also the finite-dimensional evaluation modules for DY(sl2)- 
The following formulas can be found in | KT ] 

h + (u)v±, z = ^—v± g , \z\ < \u\ , 

u — z 

\ U- Z±H 

h {u)v± tZ = v± g , \z\ > \u\ , 

u — z 
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e ± (u)v+, z = 0, / ± (m)w_, 2 = , 
1 



e + (u)u_ ! 



-V+,z, f + (u)v +j . 



e (u)«-,2 = v +lZ) f (u)v+. z = — - — V- 

u — z u — z 



z > u 



where v± yZ denotes the elements of the evaluation module V z — {V ® C[z, z *]} and V = {v + , 



(3.8) 



Vi-i 



4 Intertwining Operators 

Let us define the following intertwining operators 

$«(z) : Vi -» Vt-i ® V z , $*«(z) :Vi®V, 

: V5 -» F <g> ** w (^) : V g ® F -> 

which commute with the action of the Yangian double 

$W(z)ic = A(aO$ w (s), $* w (^)A(a;) = 

* w (z)a; = A(a;)* W (z), <T W (z) A(as) = (z), Vx e DY(st 2 ) 

The components of the intertwinning operators are defined as follows 



(4.1) 
(4.2) 



(4.3) 



= $^(z)u«) u+ + $ W (z)u«) u_ , $* w (z)(v<g)i> ± ) = <I>± w (z)v , 
* W (z)v = w + ®*^(z)w + w_®*L 4) (z)w , f* W (z)(v ± ®u) = ^ ) (z)v , 

where u G Vi. 

According to th e ter minology proposed in JM we call the intertwining operators (4.1) of type I operators 
and the operators (4.2) type II ones. Let us also fix the normalization of the intertwining operators which 
yields the dependence of these operators on the index i 



$ (i) (z)u, = (-z) i / 2 e 1 ^ i u 1 - i ®v ei + 
** W ®u<) = (-z)- l/2 Ul - t + ---, so 



(4.4) 



where we denote 



u = 1 ® 1 



and 



1 <g) e ao/2 



and dots in (4.4) mean the terms containing positive powers of H. The normalization (4.4) is not standarc 
but it allows us to write down precise expressions for 

$ e = $(°) 8 : V © Fi -» F x F Q and = ** (0) © : F 9 Fi ->• Fx © F 



without dependence on the index i. 

Let f?+(z) be the following EndFi-valued function 



K 



+ (z - 2fc7i) 



ry+(z) = lim (2hK)- p / 2 TT , 
/+w k^oo v 7 JL-L (f> + (z-h-2kh) 



(4.5) 



We have the following 



1 In contrast to the normalization of the intertwining operators for the quantum afhne algebra Uq(Sl2), the r.h.s. of (4.4) 
contains both positive and negative powers of the spectral parameter. The terms with negative powers of the spectral parameter 
disappear in the classical limit h — » 0. 



G 



Proposition 1. Intertwining operators ( |l.l[ j have the free field realization: 

du :$_(z)/(u): 



$_(z) 






$+(z) 


= *_(2)/o-/o*-(2) = 


- R X 


$* W (z) 


= -ft) , 




(z) 








= e ** (z) - (z)e = 


-»/• 

Jc 




= e (-i)-«^*W( z _ft), 


e = ± 



q 2in (u — z)(u — z — K) 



dv :^*_(z)e(v): 
q 2iir (v — z)(v — z — h) 



(4.6) 
(4.7) 

(4.8) 
(4.9) 

(4.10) 

(4.11) 



where contours C and C are such that the points z + ft, (z,0) should be inside the contour C (C) while the 
point z,oo (z + h, oa) should be outside C (C) respectively. 

To prove this proposition we need the following partial knowledge of the coalgebra structure of the central 
extended Yangian double DY(sl2) (see also fl2.5D) 



Ah + (u) = h + (u) ® h + (u - ha) + F ® E , 

Ah~(u) = h~ (u) ® h~ (u) + F ® E , 

Ae(zt) = e(u) <g> 1 + F' ® E , 

Af{u) = l®f(u)+F®E' , 



(4.12) 



and the action of DYisl-z) onto evaluation module (p.q). In ( 4.12 ) £7, _F, 2?' and F' are generated by the 
elements {e k }, {f k }, {e k , ht}, {fk,h^} respectively. 

Taking into account ( 4.12| ) we can obtain from J4.3| ) for x = h + (u), h~(u), e(u) and /□ the following 
equations for $_ (z) 



$^(z)/i+(u) 
$^(«)ft~(u) 



u — z — 27?, 



u — z — h 
u — z — h 



h+{u)^\z) , 



h-{u)^ ( l\z) , 



$ ( ! ) (z)e(u) = e(w)$^(z) , 

$ W (z) - ^W/o-Zo*?^) • 
Analogous formulas for the dual operators <I>*(z) are 



(4.13) 

(4.14) 

(4.15) 
(4.16) 



$*W(z)h+{u) 
$* {i) (z)/i-(u) 



w — z — h 

u — z 
u — z 
u — z + ft 



h+(u)<pf\z) 



h-{u)<^f\z) 



<5>f\z)e(u) = e(u)$>f\z) 



$*j l) (z) = / 0>r(z)-$; w (z)/ 



Comparing the above formulas we obtain (4. J). With this choice of the z-independent factor (— l) 1 in (4. J) 
we will have the same normalization condition for the dual intertwining operators as for the operator 



$*»(*)(«< ® w ei _ 4 ) = (-«)- i/a ui-i + • ■ • , £o 
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It is clear that solution to the equations (4. 13)— ( 4. 15| ) can be found in terms of exponential functions of 
bosons. Equation (4.13) can be satisfied by the exponent 



/2 



while ( 4.14 )— ( 4.15 ) have a solution (4.5) which can be rewritten using Stirling formula in the following form 



N 



lim (2ft) 




N / oo s 

Yl exp I - — [0 ~ 2kh)- n -(z-h- 2kh)- n ] 



(4.17) 



fc=0 



For ex ample, in ord er to verify that operator (4.6) is a solution to the equations ( 4.15|) one should substitute 
( 1.17 ) into l.h.s. of ( |4.1^ ) and take the limit N — > oo using the following property of the ratio of T- functions: 



lim (N + b) 



,r 2 (iv + a + i) 

1 \, M ^ \ = X ' Va, 6 G C finite . 
1 z (N + a) 



(4.18) 



Not e also that to verify of the normalization conditions ( iA ) one should expand the ratio of T- functions 
in (4.6) in series of positive powers of ft according to the Stirling formula 



T(x) 



x x -ie- x V2n(l+o(l/x)) 



(4.19) 



Remark. One can note that equations ( 4.14 )— ( 4.15 ) have two different solutions. The second one is 



exp . , 



71=1 



(z + ft)™ e a °/ 2 lim (-2ft) p / 2 
n / N^oc 



r ( 


z + 2h\ 


2h ) 




r z + h\ 

v 2^ j 



N 

x TT exp 



— \(z + H + 2kh)- n -<z + 2h + 2kh)- n ] , (4.20) 
, — n j 

k=0 \ 71=1 / 

which produces different from ( |3.1C| ) rule of normal ordering, b ut the s ame commutation relation (5.1). To 
fix a unique solution we should add to the defining equations ( 4.13|) -( 4.15 ) some more information. This 
will be a correspondence with analogous bosoni zatio n formulas for the intertwining operators of the highest 
weight modules for the quantum affine algebra [JM]. A limit to rational (Yangian) case from trigonometric 
(quantum affine algebra) one means the replacement 



■(*) 



and then sending q A —> 1. In this limit 



JJ(1 — q^+^) ~ (1 - (ff-T-^x) JJ(1 - q i{1+n) ) 



71 = 



The normal ordering relation of type I intertwining operators for quantum affine algebra U q {si2) produces a 
factor 



(i 



71 = V 



Cl/C2) 



-.4+471 



C1/C2) 



which goes to a necessary ratio of T-functions ( |5.1C| ) up to some divergent factor in the limit q 4 — > 1. The 
choice of the solution (4.2C) corresponds to the choice of the intertwining operators for the quantum affine 
algebra which have a "good" analytical properties in the limit q —> 00. 

Note also that in the classical limit ft — > 0, our intertwining operators coincide with those of the affine 
algebra 5(2 in homogeneous Frenkel-Kac realization because of the sort of the Stirling formula 



lim > , 

n^o ^ \ z — 2kn 

k=0 



1 



h-2kh 



1 
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5 Commutation Relations for the Intertwining Operators 

Let us formulate the following 

Proposition 2. Type I and type II intertwining operators satisfy following commutation and normalization 
relations 



$ £2 (z 2 )$ £l ( Zl ) = Rtl e £ l(z 1 -z 2 )^ i (z 1 )^ 2 {z 2 ) , 



g^\z)^\z) 
g- 1 ^i 1 - i Hz 1 )^(z 2 ) 
where the R-matrix is given by 



-R E e l e e l(z 1 -z 2 )^(z 2 )^* e , i (z l ) 

T(Z!-Z 2 )^* (z 2 )3> ei ( Zl ) , 



21 - Z 2 



+ o(zi - z 2 ) , 



R[z) = r(z)R(z) 



and 



r(z) 



r i- 



2 ~ 2K 



r i 



r(H&)r(i-^) 



i?(z) 



/ 1 \ 

6(z) c(z) 

c(z) 6(z) 

\ 1 / 



(5.1) 
(5.2) 
(5.3) 
(5.4) 

(5.5) 
(5.6) 

(5.7) 
(5.8) 



T(*) = -ctg^, Kz) = j^, c(z) 

The commutation relations between $*^'(z) and ^^(z) follows from ( |5.l| )-(5.3) and the identifications ( |4.§| ) 
and ( |4.1l|) . 

One can easily check that i?-matrix (5.7) satisfy the unitary and crossing symmetry conditions 
R{z)R{-z) = 1, (C ® id) (C ® id) = i?* 1 (-z - h) 
with charge conjugation matrix 

C- 



-1 

1 



(5.9) 



and R tl {z) means transposition with respect to the first space. 

The proof of Proposition 2 is based on the normal ordering relations 



**(«!)** («2) = (2a) 1 / 2 



r(n 


^1 - Z2 , \ 


nh- 


zi - z 2 \ 




h 2^ / 




z\ - z 2 \ 




2h ) 


r(- 


21 - 22 \ 

2^ / 



:$_(z 2 )$-(zi): 
:tf*(*i)tf*(« 2 ): 



*-(*)/(«) 



:*_(*)/(«): 



(5.10) 
(5.11) 
(5.12) 



U K 



Eir ! *-M/(i 



fe=0 
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/(«)<&-(*) = ——t :*-(*)/(«): = E A ^- :$ -W/( u ) : > ( 5 - 13 ) 

(X / L Lb 

k=0 



1 '-^ f~ 

fe=0 1 7 



1 00 fc 

e(«)**(z) = — - :^(z)e(v): = £ * :** (z)e(v): , (5.14) 



e(u)$_(z) = $_(z)e(«) = (u - z - S.) :$_(z)e(u): , 
= **(*)/(«) = («-*) :**(«)/(«): ■ 
For example, to check three terms relations like 

$ + (z 2 )$_(z!) = r(z) [c(*)*+(*l)M*&) + 6(«)$_(«i)$+(22)] 

and 

$ + (z 2 )$+(2i) = r(z)$ + (zi)$+(z 2 ) (2 = *i - 
we have to insert there an operator 

$+(*,«) = *_(*)/(«) -/(u)*_(*) 



instead of the operator $ + (z). Then using normal ordering relations ( 5.1 3| ) we can easily see that the relations 



in question will be satisfied as formal scries identities with respect to all spectral parameters u, z\ and z 2 . 



Commutativity of type I and type II intertwining operators to the scalar factor t{z\ — z 2 ) (5.2) follows from 



the commutativities of the operators (z) and \I/l^(z) with currents e(u) and f(v) respectively. The proof 



of the identities (5.4) and (p.5|) is given in the Appendix. 



6 Universal 7^-Matrix Formulation of DYisl?) 

The goal of this section is to describe DF(s[ 2 ) in U RLL" formalism ]FRT| , |RS| ]. The essential part of this 
construction is the notion of the universal 7?.-matrix. The universal 7?.-matrix for the central^ extended 
Yangian double have been obtained in [ |KT[ |k| by investigating the canonical pairing in DY~(sI 2 ). This 
7?.-matrix is 

K = K+ ■ K ■ exp(7ic <g> d) ■ K- , (6.1) 



where 



K+ = Y[ cxp(-he k <g> f-k-i) = exp(-?ieo <8 exp(-7iei ® /_ 2 ) ■ • • , 
H- = Yi ex P(~hfk ® e-k-i) = ■■■ exp(-hfi <g) e_ 2 ) exp(-?i/o e_i) , 



fe>0 



= TT ex P ( Res ( — In h + (u) <g> In /i~ (w + ft + 2nft) 



n>0 

Here a residue operation Res is defined as 



Res aiu 1 1 ® ^ bkv k = eg ® bj 

, i>0 k>0 I i>0 
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In the evaluation representation 7r(z) of DY(sl2) in the space V z the operators e^, hk, c, fc G Z act as 
follows 

efef +:Z = fkv-, z = cv± tZ = 0, e k V- tZ = z k v +:Z , fkv+, z = z k V- >z , h k v± tZ = ±z k v±, z . 



With this action the L-operators (see [FR| for U q (§) case) 

L~(z) = (tt(z) <g> id)^exp(-ftc® d), L + (z) = (n(z) ® id) exp(ftd® c) (ft 21 ) 
appear in the Gauss decomposed form 

L-(z) = 
L+(z) = 

To obtain the diagonal part of the operators L + (z) the property of operation Res have been used 



i hf-(z) \ / (fc-(z-a))- 1 \f 1 

1 y ^ k-(z) J \ he-(z) 1 

1 hf+(z-ch) \ ( (k+iz-h))- 1 o \ / i o 

1 M fc+O) J I fie+(z) 1 



(6.2) 

(6.3) 
(6.4) 



Res ( — aiU 1 1 ® 6 fe u fe I = - Res [ V" a^u 4 1 ® — b 
u=v \ du — J ' "=■" ' — J ^ — ^ 



i>0 



fc>0 



i>0 



k>0 



From formulas (3.2) and (3.4) the following representation of the fields k (z) can be obtained 



fc-(z)=n 



h~ (z + 2h + 2nh) , ^rh + {z-h-2nh) 



h-(z + h + 2nh) ' 



71=0 



h+(z- 2nh) 



(6.5) 



To proceed further we have to calculate the universal 7?.-matrix on the tensor product of two evaluation 
representations (z = z\ — Z2) 

R~{z) = {TT(z 1 )<g)7T(z 2 ))TZexp(-hc<g)d) = (id <g) p(z 2 ))L'(z 1 ) = p~{z)R(z) 
R + {z) = (7r(z 1 )®7r(z 2 ))exp(M®c)(^ 21 ) _1 = (id ® p{z 2 ))L+{z l ) = p+(z)R(z), 

where R(z) is given by (|5.8|) and 



1 



2a; 



For the R- matrices R (z) the conditions of unitary and crossing symmetry look as follows 
R + (z)R-(-z) = 1, (C(g)id) J R ± (C(g)id)- 1 = iF tl {-z-K) 



(6.6) 



with charge conjugation matrix C defined by (5.£). 

The following properties of the universal 7?-matrix TZ and representations of DY{s\.2) 

(i) Yang-Baxter relation for TZ, 

(ii) comultiplication rules for TZ 

(A id)7e = 1Z 13 1Z 23 , (id ® A)ft = K 13 1Z 12 , 

(iii) realization of the trivial representation of DF(s[ 2 ) as submodule 

C (v + ® u_ — u_ ® v + ) <^-» 7r(z + 7i) ® 7r(z) 
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imply the following relations for L^(z): 

R-(z + ch)L^( Zl )L+(z 2 ) = L+(z2)L^( Zl )R-(z) , (6.7) 

R ± (z)Lt(z 1 )Lf(z 2 ) = L 2 t (z 2 )Lf(z 1 )R ± (z) , (6.8) 

q-deti ± (z) = 1 . (6.9) 
Here q-detA(z) is equal to Au(z + Ti)A 22 (z) — A\ 2 {z + h)A 2 i(z) and comultiplication rules are 

A'L+(z) = L + (z-hc 2 )®L+(z) , Al±(z) = ^l&z) ® l+(z - ft Cl ) , (6.10) 

k 

A'L-(z) = L-{z)®L-{z), Alr^z) = ^^.(#1,^), (6.11) 

k 

where A' means the flipped comultiplication and ® is matrix tensor product. Using Gauss decomposition of 
-L-operators we can easily obt ain from ( 6.1 0| ) and (6.11) the full comultiplication formulas for the currents 
e±(u), /*(«), h ± (u) (see ©). 

Conversly, we can start from an algebra of coefficients of the operators L^(z) subjected to (6.7) — ( |67g| ) 
and prove that the currents 



e(z) — e + (z) — e (z) , 
f(z) = f+(z)-f-(z) , 
h ± (z) = [k ± {z)k ± (z-h)]- 1 



(6.12) 



defined by the Gauss decompositions (|6~5| ), ( |6.4| ) satisfy the relations of DY(sl 2 ). These calculations (Yangian 
analogs of Ding-Frenkel arguments ]DF| ) are presented in the Appendix. 



7 Miki's Formulas and Bosonization of L-operators 

Following the approach of the paper jMJ let us compose from the intertwining operators the following 2x2 
operator EndV^-valued matrices 



L+(z) = g$ £ (z - h)K(z), L" (z) = gK(z)^> £ (z) 



(7.1) 



One can check from commutation and orthogonality relations (5.1)— (p.3|) that these operators satisfy the 
relations (Q-(E9|) with c = 1. 



It is important to point out here that the order of intertwining operators in (7.1) is strictly fixed, because 
only in this order the normal ordering of these operators evaluated in the same points is well defined. It 
follows from the fusion rules 

r I 1 — z i - z 2 \ 

-1/2 1 Vg 



ft)*!. (z 2 ) = (2a)- 



**_(Z!)$_(Z 2 ) = (2ft) 



2h 

r(i-^: 



-1/2 



r 



r(i-^: 



:*_(z! -ft)**_(^ 2 ): , 



:**(«i)*_(«2-): 



Also it is necessary to say that checking (6.8) or (6.7) by means of (7.1) one will never interchange the 
intertwining operators evaluated in the same points which is an ill defined operation. 



Our goal now is to show that L-operators (7.1) coincide with those defined by the univer sal "fc-matrix 



( |6.l| ) and evaluated at le vel on e m odules Vq and V\ . In order to do this we express operators ( |7.1[) in terms 
of free bosons using (4.6) and (4.9). First calculate operators L__(z). 



L±_{z) = g$-{z -h)^*_(z) 
LZ.(z) = s** (*)$_(«) = 



T]+(Z - ft) 

<t>-{z + ft) 



(7.2) 
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Comparing fl7.2| ) with (6.5) and (3.6) we see that 

L±_(z) = k+(z), LZ-(z) = k-(z), 



(c = l) 



To write down the bosonized expressions for the rest elements of the L-operators we first have to obtain 
more reasonable for our purposes representation of the "+" components of the intertwining operators $(2) 
and ty*(z). Using definition (4.3) for x = f^(z), e ± (z), explicit formulas of comultiplication (2.5) and (3.S) 
we can obtain following relations 



1 



Z 2 ~ Zi 
1 

Z2 - Z\ 



-$ + (zi) = ^-{z 1 )f ± (z 2 ) 



Z2 - Z\ 



= e ± (z 2 )^*_{z 1 )- 



Z2 - Z\ 
Z2-Z1- 



Z2 - Zi 



-f ± (z 2 )^-(z 1 ) , \z 2 \ £ \ Z1 \ 



-^_(z)e ± (z 2 ) , \z2\%\zt\ 



= $_(z 1 )e ± (z 2 )-e ± (z 2 )^(z 1 ) , 
= f ± (z 2 )^Uzi)~^-(z)f ± (z 2 ) , 



(7.3) 

(7.4) 

(7.5) 
(7.6) 



where f ± {z 2 ) and e ± (z 2 ) defined by (P^). 

Let us comment the meaning of the formulas (7.2), for example. The formulas (7.4) can be treated 
analogously. Expanding first equation in ( 7T3j) in positive powers of Z\j ' z 2 and second one in (7.2) in positive 
powers of z 2 /zi we obtain in addition to ( 4.16j ) the relations 

m — 1 

= [*-(zi) ; / m ]zr m + ^E z r^ 1 A- $ -( z i) > 

m — 1 

= [$-(zi)J- m }z?-nJ2zif-k-i$-(zi) > m=l,2,... 

These formulas define infinitly many relations between the operators $_(zi) and f m , m G Z which can be 
encoded in a single relation between the operator $_(zi) and the total current f(u) 



(z 2 - zi)$-(zi)f(z 2 ) = (z 2 -Zi- h)f{z 2 )^-{z 1 ). 



(7.7) 



This relation is in an agreement with normal ordering rules ( |5.13j ) and therefore the components of the 
intertwining operators ( [4.6| )-(4.11) satisfy the intertwining relations for all the generators of the Yangian 
double DY(s[ 2 ). 

Using now the relations (7.3)— (ff7^) and also ( 4.13| ), (4.14) after straightforward calculations one can 
obtain the rest elements of L-operators 



LZ 
LZ 



LZ 



g$_{z - h)V+(z) = hk + (z)e + (z) , 
g<f> + (z - h)^*_(z) = hf+(z - K)k+(z) , 
,g*;(z)$_(z) = hk~(z)e~(z) , 
g9*_(z)*+(z) = hf-(z)k-(z) , 

5 $+(z - ft)#+(z) = (k+(z - h))' 1 + h 2 f+(z - K)k + (z)e+{z) 
g** + {z)*+{z) = (k-(z - h))- 1 + h 2 f-(z)k-(z)e'(z) , 



where operator identities ( 6.1 2| ) have been used. From these formulas follow that the Gauss decomposition 
of the L ± (2;)-operators (7.1) coincides with those in (|6.3|) and (3.4) at the level c = 1. 
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Let us comment the using of the relations ( [7.3[ ) and fl7.4| ). First of all multiply them by z 2 — z\ to obtain^] 

$+(zx) = (z 2 - zi)$-(zi)/ ± (z 2 ) - (z 2 - Zl - ?i)/ ± (z 2 )$_(z 1 ) , (7.8) 

= *_(2!i)/o-/o*-(«i) , (7.9) 

- (*2 ~ zi)e ± (z 2 )**_(z 1 ) - (z 2 - Zl - fi)^*_{z 1 )e ± {z 2 ) , (7.10) 

= eo¥*(zi)-tf*(*i)e • (7.11) 

The whole se t of the identities (7/7) ensures the equations ( frTs| ) and ( 7.11 ). Let us substitute operator <& + (z\) 
in the form ( |7.8[ ) into, for example, L+_(zi). We obtain 



= (22 - Zl)fc _ (-?i)/ - (z2) - (22 - - h)f~(z 2 )k~(zi) = tif~ (zi)k~ (zi) 



where identity (A. 10) have been used. 

We can justify above formulas for comultiplication by the Miki's relations for the L-operators at level 1. 
Indeed, using also (7.1), (|Q])-(5.3) and identities 



r{z)r{-z) = p (z) 



and 



r(z)r(— z — h) — p + (z) 



we can calculate 



QeML-M = R lif 2 ( Zl - z 2 )L;,Jz 1 )^ 2 (z 2 ) , 



(7.12) 
(7.13) 



which obviously coincide with those formulas which can be obtained by the definition of the intertwining 
operators (L3) and ( 6.1C ) and ( 6.11 ). 



8 Conclusion 

To conclude let us shortly repeat the main result obtained in this paper. Starting from the free field 
representation of the central extension of the Yangian double at level c = 1 pcf the explicit formulas for 
the operators which intertwine these representations have been obtained. As well as in the case of quantum 
affinc algebras these operators appear to be divided in two types. It was shown that type II intertwining 
operators satisfy the commutation relations of the Zamolodchikov-Faddeev algebra for S'-matrix coincided 
with kink scattering in S'L r (2)-invariant Thirring model. 



r (2 + 4n) r (~2§?) \(3-mPi 
v f 1 - J-\ r (J~S 

1 \1 2-Ki ) 1 \2-Ki) 



(3 — Tri 



where the deformation parameter h of DY (sl 2 ) should be chosen as 



We can state (as well as it was done in [ JM | for lattice XXZ model) that the physical interesting quantities 
of S'L/(2)-invariant Thirring model, such as form-factors of the local operators, can be calculated as traces 
over infinite dimensional representation spaces of DY(s\. 2 ) of the weighted product of the types I and II 
intertwining operators. We address the calculation of these traces to the forthcoming paper [ KLP |. 



2 In the previous version of this paper we used incorrect formulas 

*+(*) = hf+ («)*_(«) = m-{z)f-{z + h) 

= m*_(z)e+(z) = he~(z + h)^*_(z) . 



from which one cannot obtain the correct formulas for elements of L-operators L,,(z) 
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Appendix 

A.l Orthogonality relations for intertwining operators 

Let us prove (|5.5|) in the simplest case —E\ = e 2 = + ■ Because of the relation 



*L 1-<) (*2)*; w (zi) = (-l^-teOM^i-ft) 



= (-iy(2h)-^( Zl - Z2 ) ^±1^ ^_ (Z2) ^_ {Z1 _ n y. (A.i) 

1 I 1 + 2h ) 



which follows from (fh^) and ( |5.10 ) we have 



$L 1_<) («)*+ w («) = o 

if we suppose that normal ordered product :(fr-(z 2 )$-(zi — Ti): cannot produces pole in z\ — z 2 while acting 
in Vo or V± . Here we have to be more accurate. In fact we need the following lemma. 

Lemma. If two operators A(zi) and B(z2) satisfy the relation 

A{z l )B{z 2 ) = (z! - z 2 ) :A(z 1 )B(z 2 ): 

then the product A(z)B(z) acts on any finite element of the representation spaces Vo and V\ multiplying it 
by zero 

A{z)B{z)v = 0, Vw e Vq or Vi . 



The word finite in the formulation of the Lemma means finite sum of the elements of the type (3.1) 
To prove (|5.5|) in more complicated case E\ = e 2 = + we have to substitute operator 



<S> ( +- l) (z 2 ) = res ^- i \z 2 ,u) = res *L A -' (%)/(«) - f{u)^r' l '{z 2 ) 
into product 3>+~^ (22)$+ (#1)- Residue operation res A(v) means 

V 

res A(v)=Ao, if iM^VA^ 1 . (A.2) 

7! ' ^ 



After normal ordering all products using formulas (fj|), (|0|) we obtain 



g^- i \z^f\z 1 ) = (-If ^ + ~^ Y (,M,- :,)) 



x :$_(« 2 )/(u)*_(«i-R): 
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Because of the ^-function we can set u — z 2 in the normal ordered product of the operators, set Z\ = z%, use 
the operator identity 



and apply Lemma 1 to obtain that 



(A.3) 



because operator (— l) p act on the spaces Vi multiplying them by (— 1)\ Other cases can be proved analo- 
gously. 

Let us prove now the identity (5.4). Because of the fusion rule 

- h)®-(z) = g- l h:<&-{z - h)$-(z): 



we have 



5 ^ = g(-iy (*_(* - h)*+(z) - $+(z - &)*_(*)) 

€ 

2 1 1 



(—lYh res 

u |_ (u — z — K)(u — z + h) (u — z — h)(u — z) (u — z + h)(u — z) 
x ;$_(z — h)f(u)$-(z): 

(-If res S(u - - h): = id . 



A. 2 Ding— Prenkel Equivalence 



To prove the Ding-Frenkel equivalence of new and RLL realizations of DY(sl 2 ) we have to insert L-operators 
in the form 



L+(z) 



(k+{z-h)) 1 +h 2 f+{z -hc)k + (z)e+{z) hf+{z -hc)k+(z) 
hk+(z)e+(z) k+{z) 



and 



L-(z) 



(k-(z-H)) 1 + h 2 f-(z)k-(z)e-(z) hf-{z)k-{z) 
Hk~(z)e~(z) k~ (z) 



into (6.8) and (6/7). As usual, L\{z) and L 2 {z) are tensor products L(z) ® 1 and 1 ® L(z) respectively. 

First, we will write the commutation relations between k^{z) which follows from -D1-D2 commutation 
relations. We have 



k ± (z 1 )k ± (z 2 ) = k ± {z 2 )k ± {z l ) , 
p(z + ch)k~ (zi)k + (z 2 ) = k + (z 2 )k~(zi)p(z) 



(A.4) 
(A.5) 

Note that non-triviality of the commutation relation in ( |A.5| ) is dictated by presence of c. If c = as happen 
for evaluation representations then all k's commute. Now no te th at commutation relation between h + (zi) 
and h~(z 2 ) easily follows from commutation relations (A.4)— (A.5) if we identify 



and by making use the identity 



{k ± {z + K)k ± {z)) 1 = 



p ± (z + h)p ± (z)b(z) = 1. 



(A.6) 



To begin with nontrivial part of commutation relations we will consider the relation 
b(z)D(z 1 )B(z 2 ) + c(z)B(z 1 )D(z 2 ) = a{z)B{z 2 )D{ Zl ) 
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written in three cases of ( p.8| ) and (6.7). It yields [z = z\ — z 2 ) 

b(z)k-(z 1 ).r(z 2 )k-(z 2 )+c(z)f-(z 1 )k-(z 1 )k-(z 2 ) = f-(z 2 )k-(z 2 )k-( Zl ) 



(A.7) 



b(z)k+(z 1 )f+(z 2 - ch)k+(z 2 ) + c(z)f+(z 1 - ch)k + {z x )k + {z 2 ) = f+(z 2 - cti)k + {z 2 )k+(z 1 ) , (A.8) 
p(z + ch) [b{z + ch)k-(z 1 )f+(z 2 - ch)k+(z 2 ) + c(z + ch)f-{z 1 )k-{z 1 )k + {z 2 )] 

= P(z) /+ (z 2 - ch)k+ (z 2 )k- ( Zl ) .(A.9) 



Multiplying (^J) and (|Aj) from the right by (fc ± (zi)fc ± (z 2 ))~ 1 , ( |A79| ) by (k-(zi))- 1 (k+(z 2 )y 1 and using 
in the latter case the commutation relation ( |A.5| ) to cancel the factor p(z) we obtain 

(A.10) 
(A.ll) 
(A.12) 



f-(z 2 ) = b(z)k-(z 1 )r(z 2 )(k-(z 1 ))- 1 +c(z)f-(z 1 ) , 
f+( Z2 ~ ch) = 6(z)fc+(z 1 )/+(z 2 - c?i)(fc ± (z 1 ))- 1 + c(z)f+{z 1 - ch) , 
f+(z 2 ~ch) = b(z + ch)k-(z 1 )f+(z 2 -ch)(k-(z 1 ))- 1 +c(z + ch)f-(z 1 ) . 



Making comparison of ClA.lOp and (|A.12|) ( in the latter relation we have to shift z 2 — > z 2 + c?i) we can see 
that the combination 

/+(*)-/-(*) = /(*) = £ 1 

has "good", namely, vertex like commutation relation with (fc _ (z)) _1 

(fc-( 2l ))- 1 /(^ 2 ) = 6( Z )/(z 2 )(A ; -(^))- 1 . 
To obtain the commutation relation fc + (zi) with f{z 2 ) we have to consider another DB relation, namely, 

c(z)D(z 1 )B(z 2 )+b(z)B(z 1 )D(z 2 ) = a{z)D{z 2 )B{z l ) 



in the case of (6.7). It is 

p{z + ch) [c(z + c?i)fc-(zi)/ + (z2 - ch)k+(z 2 ) + b{z + ch)f-(z 1 )k-(zi)k + (z 2 )] 
= p(z)k+(z 2 )f-(z 1 )k-(z 1 ) . 



(A.13) 



Then inserting in l.h.s. of ( A.13| ) (k + (zi)) 1 k + {z{) between f + (z 2 — ch) and k + (z 2 ), using (A. 5) to cancel 
p(z + ch) and multiplying from the right by (zi)) -1 (fc + (z 2 ))~ x we obtain 



c(z + ch)k-( Zl )f+(z 2 - ch^k-iz,))- 1 + b(z + ch)f-( Zl ) = k+(z 2 )f-(z 1 )(k+(z 2 ))- 1 



(A.14) 



Expressing the combination k (zi)f + (z 2 ~ ch)(k (z\)) 1 from ( [A. 12] ) via f + (z 2 — ch) and / (zi), replacing 
z\ — > z 2 , z 2 — ► zi in (A.14), and using the identities 



b(-z) 



b 2 {-z)-c 2 (-z) 



&(*). 



-c(-z) 



b 2 {-z)-c 2 {-z) 



c(z) 



we obtain 



f~(z 2 ) = b(z - C ft)fc+(z 1 )/-(z 2 )(fc+(z 1 ))- 1 + c(z - ch)f+( Zl - ch) . 
From ( A.15| ) and ( A.ll ) (in the latter equation we have to shift z 2 — > z 2 + ch) we have 

(k + (z 1 ))- 1 f(u)(z 2 ) = b(z - ch)f(z 2 ){k+{ Zl ))-\ 



(A.15) 



Now fourth and fifth lines in (2^3) follow from definition (|A.6| ) and simple identity 

z — h 



b(z-h)b(z) 



z + h 



(A.16) 
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The relations 

e ± (z 2 ) = b(z)(k ± (z 1 ))- 1 e ± (z 2 )k ± (z 1 ) +c(z)e ± (z 1 ) , (A.17) 
e T( Z2 ) = b(z)(k ± (z 1 )y 1 e^(z 2 )k ± (z 1 ) + c(z)e ± (z 1 ) 

which follow from DC relations yield for the combination 

e+(z)-e-(z) = e(z) = J2e n z- n - 1 

the commutation relations with k (z) 

(k ± (z 1 ))- 1 e(z 2 ) = b(zy 1 e(z 2 )(k ± (z 1 ))- 1 
and third line in (^^) is again a consequence of the identity ( A.16| ). 
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